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sequence obtained by Darboux transforming an arbitrary KP solution recur- 
sively forward and backwards, yields a solution to the discrete KP -hierarchy. 
The latter is a KP hierarchy where the continuous space x-variable gets re- 
placed by a discrete n- variable. The fact that these sequences satisfy the 
discrete KP hierarchy is tantamount to certain bilinear relations connecting 
the consecutive KP solutions in the sequence. At the Grassmannian level, 
these relations are equivalent to a very simple fact, which is the nesting of the 
associated infinite-dimensional planes (flag). The discrete KP hierarchy can 
thus be viewed as a container for an entire ensemble of vertex or Darboux 
generated KP solutions. 

It turns out that many new and old systems lead to such discrete (semi- 
infinite) solutions, like sequences of soliton solutions, with more and more 
solitons, sequences of Calogero-Moser systems, having more and more parti- 
cles, just to mention a few examples; this is developped in 0]. In this paper, 
as an other example, we show that the q-KP hierarchy maps, via a kind of 
Fourier transform, into the discrete KP hierarchy, enabling us to write down 
a very large class of solutions to the q-KP hierarchy. This was also reported 
in a brief note with E. Horozov[|J. 

Given the shift operator A = ((^j-i^jeZj consider the Lie algebra 




(0.1) 



with the usual splitting T> = D_ + V +J into subalgebras 



+ 




(0.2) 



The discrete KP-hierarchy equations 




n = 1,2,... 



(0.3) 



are deformations of an infinite matrix 



L= Yl ai(t)A l + AeV 



with t = (<i,t 2 , — ) e C 



oo 



(0.4) 



-oo<i<0 
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If we represent L as a dressing up of A by a wave operator S £ I + T>- 

L = SAS- 1 = WAW~\ W = Se^? tiAi , (0.5) 

then the L- deformations are induced by S'-deformations and W- deformations: 
OS dW 

Wn =-(L n )-S, -Q^ = ( Ln ) + W, n=l,2,...; (0.6) 
In terms of vectors 

X (z) = (z n ) nez , X *(z) = X (z^), (0.7) 

such that zx(z) = Ax(z), zx*(z) = A T x*(z), let us define wave and adjoint 
wave vectors ^(t,z) and ty*(t,z) 

q?(t, z) = W X (z) and tf*(t, z) = (W^VO*)- (0.8) 

We find, using (0.5), (0.8), (0.6), that 

LW(t, z) = zV(t, z) L T ^*(t, z) = zV*(t, z), 

df n = (Ln)+ * m: = ~ ((Ln)+) (0 - 9) 

Theorem 0.1 If L satisfies the Toda lattice, then the wave vectors *ff(t,z) 
and ty*(t, z) can be expressed in terms of one sequence of t -functions r(n, t) := 
T n (ti,t2, • • •), n G Z 7 to wit: 

Mt , z) = (esr..- wt , 2) ) nez = p&zipU rMv 



nez 



= (e-Sr^(M)) ez = ( T ^ t+ ^K -^z , 

(0.10) 

satisfying the bilinear identity 

f m *n(t,z)9W,z)^ = (0.11) 
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for all n > m. It follows that 

= (W T ) - 1 X * (z) = e~ ^ (S-y X * (z) , 

with![\ 

g= gM-gM V „ and g - 1= f- A -„ A ^y)y (012) 

o T W o V T v : ) ) 

Then L k has the following expression in terms of r-function^, 

L k = t diag ( p ^ lOTa | A*"* (0.13) 

with the r n 's satisfying 

\^ k -Y.^- r )Pr{-d)p k -r{d)y n oT n ^ = Q, for £,k = 1,2,3, ... (0.14) 

and 

{Idimr Pk+10) ) TnOTn = °' for k=l ^ 3 ' - 

Remark : Equation (0.14) reads 

L k = A fc +f^log^ A fe - 1 + ... 

+ {dt k l ° g r n ) neZ A + {dtxdtk l0gTn ) neZ A + '"' 

(0.15) 



1 In an expression, like S = ^a^A™, = di&g(a^)kez and (Aa)fc = afe + iA°. 
2 where the pi are elementary Schur polynomials and where pi(d)fog refers to the usual 
Hirota operation, to be defined in section 1. 
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With each component of the wave vector or, what is the same, with 
each component of the r- vector, we associate a sequence of infinite-dimensional 
planes in the Grassmannian Gr^ 

W n = span c j^J-j k = 0,1, 2, ... 

= eEr*** 1 S pan c |^ + ^ ^ n {t,z), k = 0,1, 2, ... j 

=: e^ Uzl W l n . (0.16) 

Note that the plane z~ n W n E Gr^ ' has so-called virtual genus zero, in 
the terminology of [12[ ; in particular, this plane contains an element of order 
1 + O^ 1 ). Setting {f,g} = f'g — fg' for ' = d/dti, we have the following 
statement: 



Theorem 0.2 The following six statements are equivalent 

(i) The discrete KP- equations (0.3) 

(ii) \l/ and \?* ; with the proper asymptotic behaviour, given by (0.8), satisfy 
the bilinear identities for all t, if E C°° 

/ V n (t,z)** m (f,z)-^ = Q, for all n > m; (0.17) 

Jz=oo 2mz 

(Hi) the t -vector satisfies the following bilinear identities for all n > m and 
t,t' E C°°: 

I T n (t -[z- 1 })^^' + [z- 1 })e^ {u - t > 1 z n ~ m - l dz = 0; (0.18) 

J z=oo 

(iv) The components r n of a r-vector correspond to a flag of planes in Gr, 

... D W n _x D W n D W n+1 D .... (0.19) 



(v) A sequence of KP-t -functions r n satisfying the equations 

{r n (t - [ 2 ;- 1 ]),r n+1 (t)} + z(r n (t - [^ 1 ])r n+1 (t) - r n+1 (t - [* -1 ])7w(t)) = 

(0.20) 
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(vi) A sequence of KP-r- functions r n satisfying equations (0.14) for £ = 1, 
i.e., 

( d ~\ 

Pk(d) r n+ i o r n = for k — 2, 3, ... and nGZ. (0-21) 



dt 



k 



Remark : The 2-Toda lattice, studied in |14|, amounts to two coupled 1-Toda 
lattices or discrete KP-hierarchies, thus introducing two sets of times t n 's and 
s n 's. Actually, every 1-Toda lattice can naturally be extended to a 2-Toda 
lattice; this is the content of Theorem 3.4. 

How to construct discrete KP-solutions. A wide class of examples 
of discrete KP-solutions is given in section 4 by the following construction, 
involving the simple vertex operators, 

, i Uz e"^ 1 (0.22) 

which are disguised Darboux transformations acting on KP r-functions. We 
now state: 

Theorem 0.3 Consider an arbitrary r-function for the KP equation and 
a family of weights u_ 1 (z)dz, v () {z)dz ) i>i(z)dz, ... on R. The infinite se- 
quence of r-functions: r = r and, for n > 0, 

r n : = (| X(t, AK-i(A)(2A... J X(t, AH(A)dA) r(t), 

r_ n := (| X(-t,A)z/_ n (A)rfA...|x(-t,A)z/_ 1 (A)^r(t), 
form a discrete KP-r -vector, i.e., the bi-infinite matrix 

L = ± tiag ( P^ + ,- e or n \ ^ (Q ^ 

l=Q V T n+2-fJn J neZ 

satisfies the discrete KP hierarchy (0.3). 

As an interesting special case of this situation, we study in section 6 the 
q-KP equation. 
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A wide variety of examples are captured by this construction, like g-approximations 
to KP, discussed in section 5, but also soliton formulas, matrix integrals, 
certain integrals leading to band matrices, the Calogero-Moser system and 
others, discussed in [||]. 

Remark : A semi- infinite discrete KP-hierarchy with 7"o(i) = 1 is equivalent to 
a bi-infinite discrete KP-hierarchy with r_ n (t) = r n (—t) and To(£) = 1; this 
also amounts to W_ n = W*, with Wo = H + . In such cases, one only keeps 
the lower right hand corner of L, while the lower left hand corner completely 
vanishes. 



1 The KP r-functions, Grassmannians and a 
residue formula 

As is well known ||, the bilinear identity 

i V(t,z)V*(t,z)dz = 0, (1.1) 

J z=oo 

together with the asymptotics 

qr(t,z) =e£? tiZ< (l + oQ) ,**(t,z) = e -Sr^ fl + oQj (1.2) 
force \P* to be expressible in terms of r-functions 

r(t) r(t) 

moreover the KP r-functions satisfy the differential Fay identity^, for all 
y, z G C, as shown in |], |15| : 

Mt-iy-^Mt-iz- 1 ])} (1.3) 
+ (y - «)(r(t - [r^r^ - r 1 ]) - r(t)r(t - [y" 1 ] - [a" 1 ]) = 0. 



In fact this identity characterizes the r-function, as shown in [113 
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From (1.1), it follows that 

I r(t - a - [z- 1 ])^ + a + [z-^e- 2 ^ a ^ — 
J 2iri 

' d 2 
dt x dt k 



r\7 

q i .- . — i i \ , . r _ i i , _ ■ .' \ 

E o* t^t - 2 ^+i $ r ° r + (« 2 )- ( L4 ) 



/c=i 



The Hirota notation used here is the following: Given a polynomial p (j^, • ••) 
in define the symbol 



p (J? h -) fo git) := v \k> ik> -) /(t + u)g[t ~ M) 



, (1-5) 

u=0 



and 



~ _ (d_ ld_ ld_ 

1 : ~ \ dt-C 2dT 2 ' 3 at? 



For future use, we state the following proposition shown in [|1|]: 

Proposition 1.1 Consider T-junctions T\ and r 2 , the corresponding wave 
functions 



9 j = e^M ^-^ = e £*i^ (l + 0(z- v 



;i.6) 



and the associated infinite-dimensional planes, as points in the Grassmannian 
Gr, 

Wi = spanHj-^ $i(t,z), for k = 0,1, 2,... j mft ^1 = %-^^*; 

i/ien £/ie following statements are equivalent 

(i) zW 2 CW i; 

(ii) z^ 2 (t, z) = ^-^i(t, z) — a^\{t, z), for some function a = a(t); 
(Hi) 

{n(t - [z- 1 ]), r 2 (t)} + zMt - [z-^Mt) - r 2 (t - [z- 1 ])^)) = 0. (1.7) 
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When (i), (ii) or (Hi) holds, a(t) is given by 

(1.8) 

Proof : To prove that (i) =^> (ii), the inclusion zW 2 C Wi, hence zW 2 C 
Wl, implies by (0.16) that 

zxj, 2 (t,z) = z(l + 0(z- 1 )) e W{ 

must be a linear combination^ 

dibi d 
zip2 = -rr 1 + M>\ - a ^b and thus z^ 2 = ~ a(tWi. (1.9) 

ox oti 

The expression (1.8) for a(t) follows from equating the ^-coefficient in (ii), 
upon using the r- function representation (1.6). To show that (ii) =>- (i), note 
that 

d 

OTi 

and taking ti-derivatives, we have 

for some • • • , depending on t only; this implies the inclusion (i). The 
equivalence (ii) •<=>- (iii) follows from a straightforward computation using 
the r-function representation (1.6) of (ii) and the expression for a(t). ■ 

Lemma 1.2 The following integral along a clockwise circle in the complex 
plane encompassing z = 00 and z = a~ l , can be evaluated as follows 

m+l 



z=oo 



,< (+w -[^ Mt - w+ [^]) 



00 / £1 m—1 

1—m \ ■> „ k 



" ' "' S a * I ~ J" + H ( m - r)p r (-<9)p fc _ r (+<9) ] / o g. 
k=i \ at k r =o ) 



is the same as 'J/,, but without the exponential. 
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Proof : By the residue theorem, the integral above is the sum of residue 

at z = oo and at z = a -1 : 



n 7 m+l 

I f(t + [a] - [z-'Mt - [a] + [ z -i]) 7 —— 
Jz=oo (z — a 1 



"' 1 dz 
2 2niz 



m—l 



' ' f(t + [a]-[u])g(t-H + [u\) 



(m—l)! \du) 

-j- z z m f{t + [a]-[z-'])g{t-[a] + [z-']) 

Evaluating each of the pieces requires a few steps. 
Step 1. 

k 



(1-ua- 1 ) 2 



u=0 

(1.10) 
(1.11) 



1 / d 

M \du) 

At first note 



f(t+[a}-[u])g(t-[a} + [u}) 



'cT 
du 



k\p k (d s )F(s) 



(1.12) 



u=0 



and, by (1.5) and (1.12), 



k\ \ du 



f(t+[u})g(t-[u}) 



u=0 



= Pk(d)fog 

= Pk(~d)gof 

= £ Vi{-d)g.p 5 {d)f. (1.13) 



Indeed 



/(* + [«] -MM* -N + H) 



M=0 



rf.)}(t-[a]+«)/(t + [a]-«) 

oo 

p fc (4) "V(W(t -s)og(t + s 



, using (1.12) 



s=0 



, using (1.13) 



s=0 
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a £ Pk(d s )pe(d w )f(t + w- s)g(t - w + s) 

oo 

a e p k (d s )p e (-d w )f(t - w - s)g(t + w + s 

oo 

^2 a e p k (d v )p e (-d v )f(t - v)g(t + v 



, expressing Hirota, 



s=w=0 



s=w=0 



flipping signs, 



oo 



v=0 



= ^2® e Pk(-d)pe{d)f o g, using(1.13). 

Step 2. Residue at oo. 
Note 



d 



^du J V 1 — ua 1 
then we find 



= l !(Ma " ) *" 



= (e+l)\a- L , (1.14) 



M=0 



1 



d 



m—l 



(m — 1)! \du / 



m—l 

E 



f(t+[a]-[u])g(t-[a] + [u}) 



(1 - ua~ i y 



U=0 



m — 1 \ / d 



- f(t + [a] - [u])g(t-[a] + [«]) 



'A' 



m— 1— r 



(1 -MO" 1 ) 5 



M=0 



m—l 



^ (m - r) J^c/ m+r+1 Pr(-d)pi(d) f o g, using step 1 and (1.14) 



r=0 £=0 
1— m 



oo m 



ma 



/(%(«) + a 1 -™ E E( m " r)p r {-d)p k - r {d)f o using p = 1. 

(1.15) 



fc=l r=0 



Step 3. Residue at z = a 



-i 



dz 



z m f{t+[a] _ [z -l Mt _ [a] + [z -l ]) 



= - u2 ^ u ~ m f^ + [«] - [«])»(* - [«] + N) 



n 
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ma- m+1 f(t)g(t) - a 2 - m ^-f(t + [a] - [u])g(t - [a] + [«]) 



dw 



fe=i 



l-m+fc u 



dt k 



fog, by explicit differentiation. 



;i.i6) 



Finally, putting step 2 and step 3 in (1.11) yields Lemma 1.2. 



Lemma 1.3 XTie Hirota symbol acts as follows on functions f(ti,t 2 , ■■■) and 

g(h,t 2 , ...)■ 



l <9 n 

fgdt x ...dt n 



fog = a polynomial P n in < 



a , ~~oT log - for fc odd 

dt n ...dt ik & g J 



V dt n 9k -dU k l °£f9 fork even 

(1.17) 

over all subsets {i\, ... ,1k] C {l,...,n}. Upon granting degree 1 to each partial 
in ti, the polynomial P n is homogeneous of degree n. 

Proof : By induction, we assume the statement to be valid for an Hi- 
rota symbol, involving £ partials, and we prove the statement for a symbol 
involving £ + 1 partials: 



1 d d e 
fgdte+i dti...dt e 



f(t)og(t) 



1 d 



fgdu 



e+i 



-f(t + u)g(t-u) 



dti...dt£ 



f(t + u) og(t-u) 



d , A 1 d E 
log ■ ' 



dt e+1 gj fgdt!...dt, 



f(t + u)g(t-u) 
■f(t + u)og(t-u) 



u=0 



d 



P .... 



9" 



log 



/(* + «) 



9" 



<9« m \ dt h ...t im g(t-u) dt h ...dt jn 



log f(t + u)g(t-u), 



) u=0 

(1.18) 



where m is odd and n even. The result follows from the simple computation: 



d d r 



log 



f(t + u) 



d 



m+l 



du e+1 dt h ...dt im g(t-u)u=o dt h ...dt im .dt e+1 

12 
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d d n d n+1 fit] 

log f(t + u)g(t-u)_ n = - - - \og J{ 



du e+1 dt h ...dt in u=o dt h ...dt in .dt e+1 g(t) 

(1.19) 



Remark : The induction formula (1.18) can be made into an explicit for- 
mula for P n , involving partitions of the set {1, 2, n}. 

2 The existence of a r- vector and the discrete 
KP bilinear identity 

Before proving Theorem 0.1, we shall need two lemmas, which are analogues 
of basic lemmas in the theory of differential operators. So the main purpose of 
this section is threefold, namely, to prove the bilinear identities for the wave 
and adjoint wave vectors, to prove the existence of a r-vector and finally to 
give a closed form for L . 

Lemma 2.1 For z -independent U, V G T>, the following matrix identities 
holdn 

r dz 
UV=j U X (z) ® V T x*(z) — , (2.1) 

J z=oo Z7TZZ 

Proof : Set _^ 

U = J2 M « A ° and V = A %> 

a p 

where u a and v a are diagonal matrices. To prove (2.1), it suffices to compare 
the (i, j ) -entries on each side. On the left side of (2.1), we have 



1.7 



a,P 
a,P 



5 (A (g) B)ij — AiBj and remember x*(z) — \{ z X )- The contour in the integration 
below runs clockwise about oo; i.e., opposite to the usual orientation. 
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On the right side of (2.1), we have 

^)).(V T ^" 1 )). ^ 



2niz 

dz 



J z=oo q 1 a J 

= f J2u a (i)v p (j)z 

Jz=co a,(3 

M aKMj), 



2mz 



2rciz 



a, /3 



establishing (2.1). ■ 

Lemma 2.2 For W(t) a wave operator of the discrete KP-hierarchy, 

W{t)W~\l!) e V+, Vt,t'. (2.2) 
Proof : Setting h{t,f) = W(t)W-\lf), compute from (0.6) 

£ = (i n W)A W n = ~ hmt ' ))+ ' (2 - 3) 

since h(t,t) — I e V + , it follows that h{t,t') evolves in T> + . m 

Consider the wave function, already defined in the introduction, and the 
adjoint wave function: 

V(t,z) = Wx(z) =e£? Uzi Sx(z) =e£ tizi (z n + Y,s l (n)A 

\ i<n / ne z 



= e~^ tizi lz~ n + J2 s *M)z l \ ■ (2.4) 
V l< ~ n J nez 

Proof of Theorem 0.1 : 
Step 1: Setting 

U := W{t) and V T := (W- 1 (t')) T 
14 
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in formula (2.1) of Lemma 2.1, and using formula (0.8) of \1/ and in terms 
of W, one finds for all t, t' G C°°, 

W^Wit 1 )- 1 = I ^(t,z)®^(t',z) — . (2.5) 
J z=oo 2rriz 

But, according to Lemma 2.2, W^Wit')- 1 e V + and thus (2.5) is upper- 
triangular, yielding 

F dz 

& tf n (t, 2)77— = for a11 n>m. (2.6) 

Jz=od ' 2mz 

Defining 

:= z- n m n {t ) z) = e^ Uz \l + 0{z- 1 )) 
K(t,z) := z n - 1 K-i(t,z) = e-^*\l + 0(z- 1 )), 

upon using the asymptotics (0.8), we have, by setting m = n — 1 in (2.6) 
/ * n (t,z)*W,z)dz= I * n (t,z)K-i(t',z)- = 0. 

J z=oo J z=oo Z 

From the KP-theory, there exists a r-function r n (t) for each n, such that 
».(M)=«S>- r - ( '~'f' 1) , C(M) = e-E.. ^-( t + 'f]) , 

yielding the r-function representation (0.10) for \l/ n and \&*. ■ 
Step 2: The following holds for n e Z: 
/l <9 2 



2 



p fc+ i(9) r n or n = 0, for A; = 1,2, 3,... (2.7) 



^-EV-0P,(-% fc -,(^r n or n _, = 0, for £, A; = 1,2,3,... (2.8) 

Indeed the bilinear identity (2.6), upon setting m = n — £ — 1, shifting 
1 1— > £ + [a] , i' i— > t — [a], using the r-function representation (0.10) of \& and 
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\?*, and lemma 1.2 with m — £, yieldQ 

r 

= -« 2 f $ n (t + [a], z^l^it - [a},z)——r n (t + [a])r n _ e (t - [a]) 

J z=oo Z7T1Z 

i dz 



r n (t + [a] - [z-^Tn-tit - [a] + [ 2 - 1 ])e 2 Sr(«)'/. a V+ 1 



00 / d <_1 ~ ~\ 

= a 1 e J2 a rsr ~ J2( £ ~ r)Pr(-d)p k -r(d) r n o r n _^, 

fc=l V ^ r=0 / 

establishing the second relation of (2.8). As for the first one, set m — n — 1, 
£ i— > t — a and £' t— > t + a in the bilinear identity, and use (1.4), thus yielding 
(0.14). 

Step 3: To check the formulas (0.12) for S, compute 
e^^Sx(z) =: *M 

= e Er^ lg ~[f 1]) x(*) (by (o.io)) 

r(f) 
n=o r(t) 
o ^) 

Similarly one checks the formula for S 1-1 using the formulas for ty*(t, z) in 
terms of S~ l and r(t). Finally to check the formula (0.13) for L k , use the 
formulas (0.12) for S and S' 1 (for A, see footnote 1): 

L k = SA^- 1 

Y Pi(-d)T A _i_ j+k ( ~^ Pj(B)T \ 

~ Pi(-d)T ( ^-i- :j + k +i Pj(d)A A -i-j+k 
Pi(-^)TnP3(g)r ra+ fc-< + i) j 



^>o 

6 e m Z)r (QZ )*/ i = (1 - 



+J= e ' nez 
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= A k-i ( Us i ng (1.13)) 

yielding (0.13) and (0.15), upon noting, 
/ Pi{d)r n+k or n \ 



coef^k-iL k 



neZ 

coef A oL fc = ( toWwA = (° ]og li«±) by (2.8) 



d 


log 






d 


i T n+1 

log 


dt k 


7"n 



nez 



/,• /p/c+i(5)r n o r„\ / <9 2 



V ^ ; nez \dt x dt k ; ngz 

concluding the proof of the Theorem 0.1. ■ 

Corollary 2.3 Setting j(t) := (Ar(t)/r(t)), t/ie wave operator W(t) for the 
discrete KP-hierarchy has the following property 



(W^W 1 ^))- = 0, (W(*)^ _1 (*'))o 



7 (t') 



Proof : That h(t,t') = W(t)W -1 (f) G V + was shown in Lemma 2.2. 
Concerning its diagonal /io, we deduce from (2.3) thatQ 

— log/i Q = (L\t)) , — logfeo = -(^(O)o, with VM) = I. 

Note that j(t) /jit') satisfies the same differential equations as ho(t) with the 
same initial condition, upon using (0.15): 

\dt k j{t')J n dt k T n [t) 



with ^{t) hit') 



K l(t')J n dt' k r n (t> 

= I 



t=t> 



7 Mq := diagonal part of M. 
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3 Sequences of r-functions, flags and the dis- 
crete KP equation 

In this section, we prove Theorem 0.2; it will be broken up into three propo- 
sitions: the first one is very similar to the analogous statement for the KP 
theory (see || One could make an argument unifying both cases, in the 
context of Lie theory. The second statement uses Grassmannian technology. 

Proposition 3.1 The following equivalences (i) -<=>- (ii) (Hi) hold. 

Proof : (i) =^> (ii) was already shown in Theorem 0.1. Regarding the 
converse (ii) =^ (i), we show vectors ^(t,z) and ty*(t,z) having the asymp- 
totics (0.8) and satisfying the bilinear identity (ii) are discrete KP-hierarchy 
vectors. 

The point of the proof is to show that the matrices S and T* 6 / + T?_ 
defined through 

y(t, z) =: e^ Uzl S X {z), **(t, z) =: e^i tizi T X *(z) 

satisfy the vector fields (0.6) with T* = S~ l . 

Step l.T t = S~ 1 . 

Assuming the bilinear identities (assumption (ii) of Theorem 0.2), 

= (Lj^^ z ^z)_ 

= (ST T )_, by (2.1) 

but since S, T l e I + P_, ST* = I, yielding T* = S~ x . 

Step 2. W{t)W~ l {t') G V+, upon defining W(t) := S(t)e^ uA \ 
According to the bilinear identity, the left hand side of 

Jz=oo 2mz 
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j z _jT J ^S X {z)®e^^\s-^x{z- 1 )^- 



S(t)e^ Ai X (z) ® {S-\t')Ye'^'^-\^) 



x dz 



2niz 

= S(t)e^ uA \-^ kl S- l (t')i using Lemma 2.1 

= w{t)w-\t')- 

belongs to T> + , and hence so is the right hand side. 
Step 3. 

(£-<*">♦)*<*•"> = (w n - ( - L ^) s ^ )eETu " 

(dS_ 
(dS_ 

\dTn 

fdS_ 

[k 

(dS_ 
\dt n 

Step 4. From W(t)W~ l (t') e X>+> since £>+ is an algebra, deduce 

p+ 3 ((lr (£ * )+ )H w '~ 1(f V < 

= £oc(l:- (i " )+ )* (t ' 2)8 ** (t ' 2) ^' bystep2 

= jf_ (2gfi + (i-)-s(t)) x«e£r «■ g, ^( t ))-', (l -') e -Er'-'A, 

by step 3 

= + (L n )_S(t)^ by Lemma 2.1 

and thus, since S & I + V_ and T>_ is an algebra, 

^1 + (L»)_S(f)) ^(t)- 1 G X> + fl XL = 0; 

19 



- (L n ) + S + S z n> J X (z)e^ tizi 

- {L n )+S + S A n (S- 1 S) ) j x (z)e^ tiZ 

- (L n ) + S + L n S^j x (z)e^ Uzt 
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therefore, we have the discrete KP-hierarchy equations on S 
dS(t) 



dt n 

and on L = SAS' 1 , 



+ (L n )_S = 0, n = l,2,..., 



ending the proof that (ii) (i). ■ 

Finally (ii) •<==>- (iii) upon using the equivalence (i) -<=>- (ii) and the 
r-function representation (0.10) of \1/ and shown in Theorem 0.1; this 
establishes Proposition 3.1. 

With each component of the wave vector given in (0.10), or, what is 
the same, with each component of the r-vector, we associate a sequence of 
infinite-dimensional planes in the Grassmannian Gr^ 

W n = span c j^^j * n (t,z), k = 0,1,2,... 

= eET^ 1 sp an c j + z^j ip n (t,z), fc = 0,1,2, ... 

=: eET^Wl (3- 1 ) 

and planes 

W* n = S pan c |i^ V^z), k = 0, 1, 2, ...j , (3.2) 

which are the orthogonal complements of W„ in Gr^ n \ by the residue pairing 

^^)oo:=j z= J{z)g{z)^-. (3.3) 

Proposition 3.2 (ii) (iv) •<=>- (v) holds. 
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Proof : The inclusion ... D W„_i D W„ D W„+i D ... in (iv) implies that 
W n , given by (3.1) and (0.10), is also given by 

W n = span c {^ n (t, z), W n+ i(t, z), ...}. 

Moreover the inclusions ... D W„ D W n+ i D ... imply by orthogonality, the 
inclusions ... C W* C W* +1 C and thus W*, given by (3.2) and (0.10) 
and thus specified by ^n-i an d r n, is also given by 

Z Z 

The formula (0.10) for \I/ n and W^-i i m ply the bilinear identities (1.1), since 
each r n is a r-function, yielding W* = W^, with respect to the residue 
pairing and so: 



(*n(t, Z), n ~ A ' Z) ) OD = I * n (t, Z^-Af, Z) 
Z J z=oo 



0. 



2niz 
Since 

W n C W m+l = {W* m+1 )*, all n > m 

we have the orthogonality W n _L W^ +1 for all n > m, with respect to the 

residue pairing; since ^ n (t,z) e W n , ^* m ^' z) e W„\ +1 (t',z), we have 

vl>* (f z ) r dz 

0=(*»(M), m{ ' } )oo=f * n (t,z)** m (t',z) — , all n>m, 
z Jz=oo Zmz 

(3.4) 

which is (ii). 

Now assume (ii); then, for fixed n > m, we have 

k / ^ \ t , 

dz 

n > m 



°-jL(£) ••-«■•>£ 



27ri2;' 

and thus by (3.1) and (3.2), 

Wn C (W^ +1 )* = W m+1 , for n > m, 

which implies the flag condition ... D W n _i D W n D W n+ i D stated in 
(iv). 

(iv) •<=>- (v), follows from the equivalence of (i) and (iii) in Proposition 
1.1, by setting n := r„_i, r 2 = r n , VVi = z" n+1 >V n -i and W 2 = z~ n W n and 
noting 

z(^-">V n ) C (z-" +1 W n _i), i.e. W„ C W„_i, 
concluding the proof of the proposition. ■ 
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Proposition 3.3 (v) -<=>- (vi) holds. 
Proof : 

Step 1. For a given nfZ, statement (v), namely 

- r aT ) := r„ + i} + r„ + ip fe (-9)r n - T n p k (-d)r n+1 = 0, fc > 2 

implies 

Since ii^ are the Taylor coefficients of relation (v) in Theorem 0.2, statement 
(v) n is equivalent to (iv)„ (i.e. W n D W n+ i). The latter is equivalent to the 
bilinear identity (iii) n (i.e., (0.18) with n — > n+1 and m — > n— 1). According 
to the arguments used in the proof of Theorem 0.1, (iii) n implies = 0. 

Step 2. The converse holds, because, upon using an inductive argument, 

rV> = u rW + partials of (R^ Y , itg); 
thus the vanishing of the R^ , R^ 1 implies the vanishing of R^ . ■ 



Theorem 3.4 Every 1-Toda lattice is equivalent to a 2-Toda lattice. 
Proof : The 1-Toda theory implies for S\ := S G / + T>_, L\ := L 

= -(L^S^t), where L x = ^ASf 1 . 

ot n 

Then, in view of the 2-Toda theory, define S2 (t) G T> + by means of the 
differential equations 

dS 2 {t) 



dt r 



(L»)+S 2 (t), n = l,2, 



with initial condition S 2 (0) = (an invertible element d + G T> + ). Then de- 
fineP] Si )2 (t,s) and L 1>2 = Si^A^S^, flowing according to the commuting 
differential equations 

dSl ^ t,S) =±(m,s)) T S 1>2 (t,s) with S l , 2 (t,0) = S 1 , 2 (t). (3.5) 

OSn 



3 The first index in L% t 2 and S1.2 corresponds to the upper-sign. 
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Si, 2 (t,s) satisfies the t-equations of 2-Toda for s = 0, by construction; now 
we must check that this holds for s ^ 0; therefore, set 

F&\t, s) = ^H(f , a) ± (m, s))^S h2 (t, s), for n = 1, 2, ... (3.6) 

Compute, using (3.5) and [d/dt n , d/ds n ] = 0, the system of two differential 
equations 

-^-(t, s) = ±[F™S?, L*] T 5 ll2 ± (L*)^, fc, n = 1, 2, 

since F$(t, 0) = 0, we have F$(t, s) = for all s. Thus, by (3.5) and (3.6), 
Si )2 (i, s) flow according to 2-Toda. ■ 



4 Discrete KP-solutions generated by vertex 
operators 

An important construction leading to Toda solutions is contained in Theorem 
0.3, which is based on the following Lemma: 

Lemma 4.1 Particular solutions to equation 

{r^t - [z- 1 ]), r 2 (t)} + z(n(t - [z-^Mt) - r 2 (t - [z- 1 ])^)) = (4.1) 

are given, for arbitrary A G C* , by pairs (ti,t 2 ), defined by: 

r 2 (t) = (j X(t, A)i/(A)dA) n(t) = J eZ tiXi n(t - [A^MA^A, (4.2) 

or 

n(t) = (| X(-t,X)i/(X)d\j r 2 (t) = J e-^ i r 2 (t+[\- 1 ]y(X)d\. (4.3) 
Proof : Using 

Eoo A 
1 i V z J =1 — — 

Z ' 
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it suffices to check,before even integrating, that T2{t) = X(t, A)ti(£) satisfies 
the above equation (4.1) 



e -EW ( {ri(t _ T2(t)} + zMt _ [z -i]) T2 (t) - r 2 (t - [z^])^))) 

= e-^{n{t - [z- 1 ]), e^ Tl (t - [A- 1 ])} 

+ z(n(t - [z-^nit - [A- 1 ]) - (l - -MtMt - [z' 1 ] - A -1 ])) 

= {r 1 (t-[z- 1 ]),r 1 (t-[X- 1 ])} 

+ (z- X)(n(t - [z- 1 ])^ - [A- 1 ]) - Tl (t)n(t - [z- 1 ] - [A- 1 ])) 

= 0, 



using the differential Fay identity (1.3) for the r-function T\\ a similar proof 
works for the second solution, given by Ti(t) = X(—t, X)T2(t). Since equation 
(4.1) is linear in Ti(t), and also in r 2 (t), the equation remains valid after 



Proof of Theorem 0. 3 : Note, from the definition of r ±n in Theorem 3, that 
each r n is defined inductively by 



r n+ i = / X(t,X)u n (X)dX r n and r_ n _i = / X(-t, X)i/- n - 1 (X)dX r_ n ; 



thus by Lemma 4.1, the functions r n+1 and r n are a solution of equation (v) 
of Theorem 0.2. Therefore, theorem 0.2 implies that the r ra 's form a r-vector 



5 Example of vertex generated solutions: the 
(/-KP equation 

Consider the class of g-pseudo-difference operators, with ^/-dependent coeffi- 
cients, acting on functions f(y) 



integrating with regard to A. 



of the discrete KP hierarchy. 




(?- l )v 



1 
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Consider the following g-pseudo-difference operators 

Q = D + u (x)D° + w-i/r 1 + ... and Q q = D q + v (x)D° q + v-^D' 1 + ... 

and the following g-deformations, which were proposed respectively by E. 
Frenkel || and Khesin, Lyubashenko and Roger for n = 1, 2, ...: 



dO 

= l(Q n )+ , Q] (Frenkel system) (5.1) 

° Q " r (KLR system) (5.2) 



where ( ) + and ( )_ refer to the g-difference and strictly g-pseudo-differential 
part of ( ). Define 

, , f(l — q)x (l-q) 2 x 2 (l-g) 3 x 3 \ ^ , . . n _ x 

c x = \ \ , v 3 , G C°° and A n x = 1-g xg n \ 

V 1-g 2(1 -g 2 ) 3(1 - g 3 ) / 

(5.3) 

one checks for n > 1, -D n Ao(x) = A n (x), and 

n 

D n c(x) = c(x)-J2[\r\ x )} 
i 

D- n c{x) = c(x)+±[\zl 1 ^)} (5-4) 

i 

Details about these theorems were reported in a joint work with E. HorozovQ . 
Theorem 5.1 There is an algebra isomorphism 

which maps the Frenkel and KLR system into the discrete KP-hierarchy 

^=[(L«) + ,L], n=l,2,... (5.5) 
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Theorem 5.2 The matrices 



L = A + dia § ( 



pi-t(d)r n+ t + i o r n " 



A" 



T n+e+l T n 



nGZ 



and 



L = eLe~ l 
with e as in (5.11), r = t(c(x) + 1) and 

T n = X(t,X n )...X(t,\ 1 )T(c(x)+t) 

= r n {\) ( J] e£-i* lA H D n r(c(x)+t) 



\k=l 



(5.6) 



X(-t, X- n+1 )..X{-t, X )t(c(x) + t) 
r-n{\) ( II e-ZZM-k+i) D- n r(c(x)+t) 



\k=l 



transform, using the map", respectively into solutions to the q-KP deforma- 
tions (5.1) and (5.2) of 



q = d+ <y) Dt 



or 



-oo<i<0 

where the bi are related to the a, by (5.12) an 



Q q = D q + £ h{y)D\ 

-oo<i<0 



q- 



ae{y) = polynomial in 



dt h ...dt ik 



log (r{c{y) + ty {k) D e+1 r{c{y) + t)) for k > 2 



2^ A H2/) + lo S — Z7T7T~\ , In — > for k = 1 



^ 6 r(c(2/)+t) 



The proofs of these theorems, which rely heavily on the next lemma, will 
be given later. In an elegant recent paper, Iliev || has obtained g-bilinear 
identities and g-tau functions, as well, purely within the KP theory. 



3 7r(fc) = parity of k = 1, when k is even, and = — 1, when k is odd. 
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Consider an appropriate space of functions f(y) representable by "Fourier" 
series 

oo 

/(?/) = E UvM 

— oo 

in the basis^] ip n (y) '■— <5(g~ n x -1 ?/) for fixed q ^ 1, and a parameter x G R. 
Also, remember 

\ i: = D l X = X(xq l ). (5.7) 

Lemma 5.3 Then the Fourier transform, 

f 1 — ► F f — (•••) fn, ■■■)nez, 
induces an algebra isomorphism", mapping D -operators into A-operators 
- : V q — > D 

E^G/)^ i— > E^ A * :=E diag{...,a i {xq n ),..) n&z K i . (5.8) 

i i 

Moreover 

n n / n \ 

EMid^E^foX-^)' > e E^ 4 e_1 . ( 5 - 9 ) 

i=0 i=0 Vi=0 / 

where the A-operator in brackets is monic, with^\ 

A = (..., \_ x (x), A (x), Ax(x), ...) = (..., D- x \, A, -DA, ...) (5.10) 

e:=diag (..., A_ 2 A_i, -A_i, 1, -— , — — , - 1 withe = l, 

\ Aq AqAi AqA\A2 / 

(5.11) 

<i^ n - i (-y(q - Wr 



The J-function 5{z) :— J^iez z *> en j°y s the property f(za)S(z) = f{a)5{z) 

■] 

[fe] [fc-i] ...[i] 



ii with [j] : = ^ and [£] - N ["-H -["-fc+H 
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Proof : The operators D and multiplication by a function a(y) act on basis 
elements, as follows: 

D(p n (y) = <Pn-i(y) and a(y)(p n (y) = a(xq n )(p n (y). 

Therefore D k and a(y) act on functions f(y), as 

f(y) = £ fn<Pn(v) — > D k f(y) = J2f n D k Vn (y) 

n€Z neZ 

= Yl fn¥n-k(y) 
neZ 

= £ fn+k¥n(y), (5.13) 



neZ 



and 



f(y) = J2 fnVn(y) 1 — ► a(y)f(y) = £ fna(y)<p n (y) 

neZ neZ 



£/„a(a;g> n (y), (5.14) 
nez 



from which it follows that 



(D k y=A k (5.15) 
a(y) = diag (..., a(xq n ), ...)„ eZ - (5.16) 
To establish the algebra isomorphism (5.8), one checks that 

(a(y)D i Y (b(y)D^ = a(y)A* b(y)V 

= a(y) (A i b(y)A~ i ^j A i+j 

= diag(..., a(xq n )b(xq n+i ), ...)„ eZ A l+J 

= (a{y)b{yq*)D^Y 

= (a(y)D* b(y)Di): (5.17) 
Using the inductively established identity 



D n q = — — ^ht) E(-i)V (fc - 1)/2 

y n (q - l) n q 2 fc=0 
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the first identity (5.9) is immediate. 

Then, using, by virtue of (5.10) and (5.11), AA = — eAe^ 1 and eae" 1 = a 
(since a is diagonal), one computes, using the established isomorphism, 

(a t (y)(-X(y)Dyy = a t (-XL)) 1 

= Oi(-AA) 1 

= di (sAs^ 1 ) 

= e^A^e -1 (5.18) 

establishing (5.9). ■ 

Proof of Theorem 5.1: Indeed the Frenkel system (5.1) maps at once into 
(5.5), whereas, using (5.9), the KLR-system maps into 

^ = l(eL^) + ,eLe-i] (5.19) 



= e[(L n ) + ,L]e-\ (5.20) 
which upon conjugation by e leads to (5.5) as well. ■ 

Proof of Theorem 5.2 : From Theorem 0.3, it follows that L with the r n 's 
defined by (5.6), satisfies the Toda lattice; the second equality in (5.6) follows 
from (5.4). According to Lemma 1.3, 

= a polynomial m Q ° Q \og(T n+e+1 T^> 

where by (5.6), for k > 2, 



dt dt y '"i-^-n 
ui lx ...ui lk / neZ 



\ ii'" ik / n^z 

' \ogr(c(y)+tr^D e+1 r(c(y)+t)) , 



dt h ...dt ik 
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and 



, dt 3 T n J n eZ 



( 



_d_ 



log 



V 



/n+e+i \ 

f I] e^t t \n D^r(c(y) + t) 
(f\e^t, tl A D-r(c(y)+t) 



\a=l 



9 D n+e+1 r(c(y) + t) 



i«=n+l 



dtj to D n T(c(y) + 1) 
d , D £+1 r(c(y) + t)~ 



(^(|AfW + |-log^ 



Ms/) + 1) 



neZ 



'g Aiw+ l_ log ^ +1 ^)^)- 

\i=l 



dt, r{c{y)+t) 



establishing Theorem 5.2. 



Remark : Note the ^-conjugation has no counterpart in D^-world. 
Defining the simple q- vertex operators: 

X q (x, t, z) := e xz X(t, z) and X q (x, t, z) := (e xz ) _1 X(-t, *) 



(1-9)* 



in terms of the vertex operator (6.1) and the g-exponential e x q = e 1 fc d 
we now state: 



Corollary 5.4 ylny K-P r-function leads to a q-K-P T-junction r(c(x) + t) 
satisfying q-bilinear relations below for all x e R, t, t' G C°° and a// n > m, 
which tends to the standard K-P bilinear identity when q goes to 1: 

I D n (X q (x, t, z)t{c{x) + t))D m+1 (X q (x, t', z)t{c{x) + t')dz = 

J z=oo 

— ► f X(t,z)T(x + t)X(t',z)T(x + t')dz = 0. 

J z=oo 
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Proof : The r-functions r ra defined in Theorem 5.2 satisfy the usual bilinear 
identity (0.18), and so, using the following identity 

n 2^ i= i i ^ * ; tt / j 
, -■ - . 11 V A, 

llfc=m+2V 'V fc=m+2 fc=m+2 V Ak 



«=1 4 V 



= n e 

fc=m+2 

= £> n e**£> m+1 (e**) -1 

in computing r n (£ — [z^ 1 ]) in the usual bilinear identity yields, up to a mul- 
tiplicative factor a(X, v): 



(A, i/) / r B (f - [z^DWf + [z-^eEr^-^^-™^ 

^ in "I - 1 

/ r(c(x) + i - [z- 1 ] - J2lK l Mc(x) +t>+ [z- 1 ] + £ [A- 1 ]) 

J z=oo i I 

jj fl - A) eEr^-^tfa 

D n (X (? (x,t,z)r(c(a;) + t))D m+1 (X,(x,*', z)r(c(x) + t'))<k = 0, 

the latter tending as g — > 1 to the usual KP bilinear identity, upon using 
(5.3). ■ 

Corollary 5.5 // we take r (t) = t(c(x) + t) in Theorem 5.2, with r(t) a 
N -KdV t -function, i.e., dr/dt iN = 0, i = 1,2,..., then 

(L N ) = (L N ) + and L N = (L N )+ (5.21) 

yielding the N-Frenkel and N-KLR system: 

Q N = (Q N ) + and — (Qq)+. (5.22) 

The q- differential operator has the form below and tends to the differential 
operator of the N-KdV hierarchy as q goes to 1: 

^ 9 + dt 1 g r(c + f) 9 
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(d. r(D N c + t) d. r(^ +1 c + t)\ 
~ h +1 \dh g r(D^c + t)-^ l0g r(D<c + t) J 

_g_ r(^c + t) _g_ r(^c + t) \ DN _ 2 
o<;<fev- 2 ^i r(D*c + f) 9tx g r(2*c + f) J « 

<9 2 ( d\ N ~ 2 

Proof : Note that for W e GV (0) , z N W C W if and only if its tau function 

oo , ' J 

i CitiN r(t), with dr(t)/dt iN = 0, i = 1,2,.... Thus by 

hypothesis, we have for each 

W k = span{ip k (t,z),il>k+i(t,z), ...} 

z N Wk C 1 1 ';, and since I>0 = z^, 

AT-l 

^Vfc = 51 a i^fc+j + i>k+N = (L N ip) k , 

3=0 

and so L N is upper-triangular, yielding (5.21), which by the isomorphism A 
of Lemma 5.3 yields (5.22). From (0.13) and the relationship between a,i(y) 
and bi(y) given in (5.12), deduce (5.23). 
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